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SUMMARY

DISTRIBUTIONAL RESULTS FOR RANDOM FUNCTIONALS
OF A DIRICHLET PROCESS
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We obtain gn expressian,\for the distribution function of the random

variable fZ@ where P is a random distribution function chosen by Ferguson's
(1973) Dirichlet process on (R, B) (R is the real line and B is the o-field

of Borel sets) with parameter ! gi md Z is a real-valued measurable function
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< »., As a consequence, we show that when
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\ @ is symmetric about 0 and Z is an\|odd function, then the distribution of
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DISTRIBUTIONAL RESULTS FOR RANDOM FUNCTIONALS
OF A DIRICHLET PROCESS

by

Robert C. Hanmm'’?, Myles Hollander?, and Naftali A. Langberg’
University of Denver and Florida State University

1. Introduction and summary. Let P be a random probability measure

chosen by Ferguson's (1973) Dirichlet process on (R, B) (R is the real line
and B is the o-field of Borel sets) with parameter a. Let Z be a real-valued
measurable function defined on (R, B) satisfying [|Z|da < =. Ferguson's
fundamental paper contains many results including, for the purpose of
developing Bayesian nonparametric estimators of various parameters, results
giving the mean of such random variables (rv's) as I 2dP and (variance P) and
the median of the rv (median P). Yamato (1977) extends Ferguson's results by
obtaining the moments of various random estimable parameters. Results per-
taining to the distribution functions (df's) of random functionals are less
available, an exception being Ferguson's (1973) expression for the df of the
random qth percentile of P.

In this note we study the df of [2dP. Our contributions are: !
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(i) In Theorem 2.5 we establish the equality

(1.1) Pr{fzdP s x} = Pr{T* < 0},

which relates the df of [ZdP to the distributions of rv's T*, x ¢ R, defined
by (2.3) and Theorem 2.3. In Theorem 2.3 we obtain the characteristic function
(cf) of T".

(ii) The cf of T can be used to obtain results concerning the distri-
bution of [2dP. For example, in Corollary 2.6 we use the cf of T to prove
that when Z is odd and a is symmetric about 0, then the distribution of [2dP
is symmetric about 0. (We also present an alternative proof of Corollary 2.6
using the gamma process representation (see Ferguson, 1973; Ferguson and
Klass, 1972) of the Dirichlet process.) Thus, for example, when a is symmetric
about 0, the odd moments of the random P, namely fE"dP(E), nE R, 3, 85, e

have distributions that are symmetric about 0.

2. The distribution of [2dP. We assume the reader is familiar with

definitions and basic results concerning Ferguson's Dirichlet process. If
this is not the case, the reader is referred to Ferguson (1973). Thrqughout
this section we take P to be a Dirichlet process on (R, B) with parameter a,
and Z to be a real-valued measurable function defined on (R, B) satisfying
f1Z|da < =, We first prove two lemmas which will be used to show that the

rv's T, x € R, defined by (2.3) and Theorem 2.3, have continuous df's.

LEMMA 2.1. Let r be a positive integer and let xl. ceep xr be independent
T
and identically distributed (iid) rv's such that ] X, has a continuous df.
i=]
Then X, has a continuous df.




PROOF. Note that for all y € R,

(2.1)

r
(Pr{x, = yn* s Mizxxi = ry}. ||

LEMMA 2.2. Let x ¢ R and let a be a finite measure on (R, B) such that

a{g: Z(g) = x} > 0, where Z is a measurable

L 3 S T T T IR e T e

function integrable with respect
Then there is a positive integer r such that

to a.

Jexpt-rf a1 + 2(2(6) - x)%)da(e)dt < o,
0 -®

PROOF. First note that since a{€: 2Z(€) = x) > 0 then there exists two

Positive integers j and r such that r - a{E: |2(E) - x| 2 j'l} > 1. Letting

Bj = {&: |z(g) -'x] 2 j'l} we then note that

[ 1+ ¢226) - x)%dace) 2 [ a1+ t22(6) - x1%)dae)
-9 j

2 a(8) « a1 + (¢/9)?,
and so we have

goxp{-r] [l + t2{2(£) - x}zldu(i)}dt < goxp{-r . °('j) * 2nfl « (t/j)zl}dt

- -rea(B,) o 2
s ({[1 s /9% Fae < {,n s /Nt <o |

Now we introduce some notation. Let

|
ffi: (G - 1)/k < 2(6) s j/k}, for j = -k% o 3, vieg B |

sx = 16 260 s k), for j =

{€: 2(8) > k), for j = k? o R

%
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Further let "jk’ j= -kz, ey kz + 1, be independent gamma rv's with shape

parameters a(l jk) respectively, and common scale parameter 1.
define, for k = 1, 2,

Let x ¢ R and

2

(2.2) q‘-j&{un)-nu .z uu-xvn-xmj
THEOREM 2.3.

Let x ¢ R. Then the sequence 'l'k », k=1, 2, ..., converges

in law as k + = to a *v T" whose cf is given by

(2.3) ¢ 1.x(t) = exp(-/ e[l - it{Z(g) - x}]da(E)}.

PROOF. Let 6 (1

jk) = 1 when ¢ ¢ Ijk and 0 otherwise, and for each £ ¢ R
define

2
=1 +1
qu)- IﬁﬂHGHk)+[ uj-nnutgg

for k=1, 2, Let x € R and note from (2.2) that since Tl: is a linear

combination of independent gamma rv's, it has a cf which is infinitely
divisible. Hence we may write

-1
tn E(exp{it?kx)) = j {kzzn E(exp{it[(j/k) - x]ljk}) +

xa

* 520 2n E(exp{it[{(j - 1)/k} - *]"jk}’

I,) k%41
L 2 (1 - it{[( - /] - x}

5 ~a( -a(l,,)
. j): kzmu - 1t{(/x) - x}) ik

' 2
-1 g k71
= -{j-gkza(ljk)m[l - it{(§j/k) - x}] + jzo u(l,k)m[l - it{[() - 1)/k] - x}]}




= -[ Q1 - it{z, (&) - x}]da(E)

= -/ (@ + ¢4z (6) - 1D ¥ldae) + 1 [ tan” ez, (0) - N)da(E).

Now observe that lzk(g)l < |2(§)| for all resl £ and so we have

@.5) i+ 22,0 - 0D < Je] - (z@) 2 s ] - 2] ¢ x
and

(2.6) ltan'ltt{zk(e) - x3| < [t] -tz 0] + x} s [¢] - (|zee)] + x}.

Since the right-hand-sides of (2.5) and (2.6) are integrable with respect to

o and since lim Zk(;) = Z(§), then by the dominated convergence theorem we
ko

have from (2.4) that

2.7) ii: E(oxp{itTkx}) = exp{-f #n[1 - it{Z(£) - x}]da(E)}.

Writing the right-hand-side of (2.7) as exp{-[G(t, x) + iH(t, x)]} where

G(t, x) = & [ w1 + t2(2(E) - x}°)da(e),

H(t, x) = -f tan~1[e{2(E) - x}1da(E),

it is straightforward to show that for any real number x, both

|G(t, x) - 6(0, x)| and |H(t, x) - H(O, x)| are bounded above by
@B

It f {12(8)| + x}da(E), which goes to zero as t + 0. This shows that the
-

right-hand-side of (2.7) is continuous at t = 0 and hence the result of the

theorem follows from the continuity theorem for cf's. ||
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LEMMA 2.4. Let x ¢ R and assume that a{f: Z(E) = x} > 0. Then T has

a continuous df.

PROOF. By Lemma 2.2 there is a positive integer r such that
; I[E(exp{ith})]rldt < », Now [B(exp{it’rx})]r is the cf of the convolution
;.f. r iid rv's distributed as T'. Since the cf of this convolution is
absolutely integrable we conclude (cf. Breiman (1968), p. 178) that the
convolution of r iid rv's distributed as 'l‘x is continuous. Consequently

the result follows from Lemma 2.1. ||

We are now ready to obtain an expression for the df of [zdP.

THEOREM 2.5. Let P be a Dirichlet process on (R, B) with parameter a
and let Z denote a real-valued measurable function defined on (R, B)
integrable with respect to a.

(i) If there exists a real number x such that a{f: 2Z(£) = x} = 0,
then [ZdP is degenerate at x.

(ii) If a{g: 2(E) = x} > 0 for all x € R, then (1.1) holds, where T is
the rv whose cf is given by the right-hand-side of (2.3).

PROOF. (i) Note that a{f: Z(€) = x} = 0 implies that P{E: Z(E) = x} = 0.

Thus [ Z(£)dP() = x.

(i) Let A = [ 2, (E)dP(€), for k = 1, 2, ..., and note that

Pr{A, < x} = Pr{f 2, (£)dP(£) s x}

2.8)
( 32

-1 1
= Pr{ ] ,li/kIP(I,) + [
jo-k? i

+
0

11 A R A




Now for each k the random vector (P(Ijk))' )= -kz, aiaiats kz + 1, has a

Dirichlet distribution with parameter (a(l,,)), j = &%, ..., k> + 1. Letting
ij. i= -kz. s K. 1, represent independent gamma rv's with shape
parameters a(lI jk)’ j= -kz, s kz + 1, respectively and common scale
parameter 1, and using the gamma distribution definition of the Dirichlet

distribution, (2.8) becomes

-1 k241 k2e1
=) k2+1
(2.9) - Pr;-gkz{(j/k) - xHy, + 520 (LG - /K] - xIy, < 0}

X
= Px-{'l‘k < 0}.

Now note that lim A, = [ZdP almost everywhere with respect to a and thus by

ko

(2.9) we have

Pr{[2dP < x} = lim Pr{A, s x} = lin Pr{Tkx < 0} = Pre{T* < 0},

k- ko

the last equality following from Theorem 2.3 and Lemma 2.4. ||
Using Theorem 2.5 in conjunction with the cf of .ﬁ, given in (2.3), it
is now possible to gain additional information concerning the distribution of

the random mean [zdP.

COROLLARY 2.6. Let P be a Dirichlet process on (R, B) with parameter a,
where a is a positive finite and symmetric measure about the origin. Let Z
denote a real-valued measurable and odd function such that [|Z|da < . Then

[2dP has a symmetric distribution about the origin.
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PROOF. First assume that there is a real number x such that
a{E: Z(E) # x} = 0. Then since Z(§) = -i{-£) it follows that a{§: Z(§) = 0} = 0.
Thus by Theorem 2.5 [ZdP is degenerate at x = 0 and hence symmetric.

Next assume that a{f: Z(£) = x} > 0 for all x ¢ R. By repeating our
arguments it is clear that Pr{fzdP 2 - x} = Pr{T™® 2 0} and thus to show that

[2dP is symmetric about the origin it suffices to show that, for all x € R,
(2.10) Pr{T s 0} = Pr{-T"X < 0}.

Since Z(&) = -Z(-&) and since da(g) = da(-£) we have

an E(exp{itT™*}) = -f 2n[1 - it{Z(§) + x}]1da(E)
(2.11) 2

= [ an[1 + it{Z(-§) - x}]da(-€) = 2n E(exp(-ith}).

From (2.11) we obtain that T* has the same df as -T * and hence (2.10)
follows directly. ||

The proof of Corollary 2.6 given above is based on Ferguson's (1973)
original definition of the Dirichlet process. Below we exhibit an alternative
proof of Corollary 2.6 which is based on Ferguson's (1973) (also see Ferguson
and Klass, 1972) alternative definition of the Dirichlet process as the sum of
a countable number of jumps of random height at a countable number of random
points. (This alternative representation is often useful in obtaining results
for the Dirichlet process, cf. Ferguson (1973), Korwarand Hollander (1973),
Yamato (1977).)

ALTERNATIVE PROOF OF COROLLARY 2.6. We have, by Theorem 2 of Ferguson

(1973),
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J2dp = 7 Z(V,)P,
jzl 13

where V,, V,» ... are iid according to Q(*) = a(*)/a(R), where the Pj's are independent

of the Vj's.and where the Pj's depend on a(°) only through a(R). Thus we have
(since Z is odd)

(2.12) 2dp = § 2V.)P, = - ¥ 2(- JP..
e - T 2o, - T,

Now since a is symmetric about the origin, -Vj d Vj, for all j =1, 2, .

ooy

d
where '"='' means "has the same distribution as." Hence, since the V.'s are

j
independent of the Pj's we have
(-] d o
(2.13) -1 2(-V)P, & -] z(v,)P, = -[zdp.
j=1 3] j=1 32

From (2.12) and (2.13) we conclude that [2dP § -[zdP and so the df of [2dP is

symmetric about the origin. ||
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